This paper presents a new procedure for designing a fractional order unknown input observer (FOUIO) for nonlinear systems represented by a fractional-order Takagi-Sugeno (FOTS) model with unmeasurable premise variables (UPV). Most of the current research on fractional order systems considers models using measurable premise variables (MPV) and therefore cannot be utilized when premise variables are not measurable. The concept of the proposed is to model the FOTS with UPV into an uncertain FOTS model by presenting the estimated state in the model. First, the fractional-order extension of Lyapunov theory is used to investigate the convergence conditions of the FOUIO, and the linear matrix inequalities (LMIs) provide the stability condition. Secondly, performances of the proposed FOUIO are improved by the reduction of bounded external disturbances. Finally, an example is provided to clarify the proposed method. The obtained results show that a good convergence of the outputs and the state estimation errors were observed using the new proposed FOUIO.
Introduction
Recently, the interest in fractional derivatives and integral applications, as well as in theoretical and practical works, has grown immensely, see for example [1] [2] [3] [4] [5] [6] . The main aspects, concept and several applications of fractional calculus are outlined, for example, in [7] [8] [9] [10] [11] [12] [13] [14] . This is essentially due to the fact that various physical systems are well described by a fractional order state equation [15] [16] [17] .
Growing applications have attracted interest in studying the state estimation of fractional differential equations in a linear case [18] [19] [20] [21] and in a nonlinear case [22] [23] [24] [25] . It is well known that the study of the problem of stabilization of the fractional order system is particularly important for the synthesis of the observer [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Takagi-Sugeno (TS) fuzzy models have also attracted attention in recent years. The main feature of this class of nonlinear models is to represent the local dynamics of each fuzzy implication (rule) by linear system models. It has been effectively employed in the implementation of nonlinear systems [37] [38] [39] [40] [41] . Takagi-Sugeno models have been broadly utilized to represent nonlinear integer-order systems. However, the fuzzy Takagi-Sugeno scheme remains very efficient for nonlinear fractional order systems (FOS) [42] [43] [44] . Therefore, the use of fractional-order Takagi-Sugeno (FOTS) models to represent nonlinear FOS will be introduced in this paper. Several approaches confirm that the validity functions of Takagi-Sugeno representation rely on measurable premise variables, whereas various applications, like diagnosis, consider that those variables rely on the input and state variables of the system that are usually immeasurable [45] [46] [47] [48] .
Takagi-Sugeno uses premise variables for computing weighting functions. Premise variables can be known (inputs or outputs of the system), or unknown variables taken as the state of the system to be estimated. State variables are usually unmeasurable, but they can be measured by the introduction of sensors, with an additional cost, but the right choice is to estimate the state variables in order to avoid the effects of sensor and shareholder faults that may have appeared on the inputs or outputs of the system considered. This justifies the research works on the state estimation of systems [48, 49] . In order to use the state of the system as premise variables, then the states must be estimated, hence the need to synthesize an adequate observer able to estimate the state of the system despite the presence of unknown inputs and disturbances. Hence, it is motivating to deem the common state of unmeasurable variables such as system states. The problem appears especially in the structure of the state of the TS observer.
To implement a fuzzy observer for TS systems with unmeasurable premise variables (UPV), several methods have been evolved, comprising those which take account of analytical advances of an estimation error [50] [51] [52] , and those which use the error description by a TS model with uncertainty or unorganized disruption [49] . The present work presents the Takagi-Sugeno unknown input fractional order observers design for FOTS models with UPV.
The main objective of the current paper is to found new stability and stabilization conditions using FOTS systems with UPV in the continuous case, to implement observers for nonlinear systems. The case where the weighting functions rely on premise variables depending on unmeasurable system states is considered. First, the representation of FOTS systems with UPV and their observers will be considered, which are given under the linear matrix inequalitie (LMI) formulation. Then, an analysis of the stability of the state estimation error studied by using the minimization of the L 2 norm of the transfer from bounded unknown exogenous disturbances to the state estimation error will be established. An application example is designed to demonstrate the performance of the suggested approach.
This paper is organized in the following way. The next section provides some background on the fractional calculus. The FOTS model is presented in Section 3. The main results of the paper, namely the synthesis of the fractional fuzzy observer based unmeasurable premise variables, are presented in Section 4. A new proposed method for unknown input estimation of the fractional order Takagi-Sugeno unknown input observer is given in Section 5. A numerical example is given in Section 6 to demonstrate the efficiency and validity of the proposed approach. Finally, the paper ends with concluding remarks and future perspectives in Section 7.
A Brief Introduction to Fractional Calculus
The fractional differo-integral operators are symbolized by a D α t f (t), where a and t, are the bounds of the operation and α ∈ R is a generalization of the standard integration and differentiation to an arbitrary order, which can be rational, irrational or even complex. The basic continuous differo-integral operator is given by the following:
In the literature, different definitions can be found concerning fractional order systems. The best most commonly used definitions of fractional order derivatives are:
The Riemann-Liouville (RL) definition [53] :
(2)
The Grunwald-Letnikov (GL) definition [53] :
The Caputo definition of the fractional differ-integral operator for the function f (t) is adopted in this paper as the Caputo definition allows the initial values of classical integer-order derivatives with clear physical interpretation to be used as follows [51, 53] :
In these expressions m − 1 < α < m, and Γ(.) is the well-known Eulers gamma function:
Fractional Order Takagi-Sugeno Model
Consider the following nonlinear system given by [54] :
where x(t) ∈ R n and α is the fractional order derivative. f and g are nonlinear functions.
Using the well-known transformation by nonlinear sector, the following TS fuzzy system is given [49] :
where u(t) ∈ R m is the input vector, x(t) ∈ R n is the state vector, and y(t) ∈ R p represents the output vector. A i ∈ R n×n , B i ∈ R n×n u , C i ∈ R n×n y and D i ∈ R n y ×n u are known matrices. h i (ξ(t)) are the weighting functions relying on the premise variables ξ(t) which can be measurable (input or output of the system) or unmeasurable variables (state of the system). It can also be an external signal. These functions confirm the following so-called convex sum property:
In this paper, the target is to model a fractional order fuzzy TS observer with UPV. Thus, the work is dedicated to the problem of state estimation for nonlinear fractional order systems characterized by continuous time TS models, with unknown inputū(t).
Under the hypothesis C 1 = C 2 = · · · = C and D i = 0, the FOTS model in the presence of unknown inputs and a measurable premise variable can be defined as follows:
whereū(t) ∈ R q (q < p) is the input vector, and E i ∈ R n×nū and E ∈ R n y ×nū are known matrices. This can be rewritten as:
After rewriting the model (9), we obtain:
,
This form corresponds to a perturbed FOTS model with measurable premise variables (estimated state of the system), where:
This term is considered a global bounded and asymptotically vanishing perturbation.
Fractional Order Takagi-Sugeno Unknown Input Observer
The proposed fractional order Takagi-Sugeno fuzzy unknown input observer is given by the following equations:
The state and the output estimation can be defined as:
where
Hence, the dynamics of the state estimation error is
replacing y(t) and z(t) by their respective expressions given by (11) and (13), the state error is given as follows:
If the next conditions are satisfied:
and
Then, the dynamics of the state estimation error become:
thus showing that the dynamics of the state estimation error is disturbed by ω(t).
To synthesize the matrices of the observer (13), two techniques are proposed.
First Approach
It is assumed that the term ω(t) defined in (12) satisfies the following Lipschitz condition:
where δ is a positive constant.
Lemma 1 (see [55] ). Let M and N be matrices of the appropriate sizes, then the following property holds:
Theorem 1. A fractional order unknown input observer (13) for system (11) exists if there exists a positive definite matrix X, matrices M i , S, positive scalars η and δ satisfying the following conditions for all i = 1, · · · , M:
Then, the fractional order observer (13) is completely defined by:
Proof of Theorem 1. In order to found the existence conditions of the fractional order observer in Theorem 1, Lemma 1 can be introduced: Considering the following quadratic Lyapunov function:
its derivative with regard to time is given by:
By substituting (24), the dynamic of the quadratic Lyapunov function becomes:
and when using Lemma 1 and (25), this allows for the following:
Substituting (38) in the fractional derivative of the Lyapunov function (36) yields:
Since the activation functions satisfy condition (8) , the fractional derivative of the Lyapunov function is negative if:
According to (19) , Equation (40) becomes:
It is noted unfortunately that the matrix inequality (41) gives a disadvantage since it is nonlinear with respect to the variables K i , X and η (more precisely bilinear). A numerical procedure of resolution by linearization is obtained in the following section.
In order to convert these conditions into an LMI formulation, the following change of variables is considered:
and by using the Schur complement [16] , the linear matrix inequality is obtained:
To satisfy condition (18), the equality can be solved:
Using the change of variable S = XH, linear matrix equality is obtained:
The conditions (21) must be satisfied simultaneously, and using the change of variable (42) gives:
Since P = I + HC, replacing P in (43), the matrix inequality of Theorem 1 can be obtained. The conditions (26)- (28) of Theorem 1 are thus demonstrated.
Second Approach
In the case where hypothesis (24) is not satisfied, meaning that the information on its bounded δ is not available, the method established in the previous section cannot be applied.
In this section, another method based on the use of the L 2 approach is proposed.
Theorem 2.
A fractional order unknown input observer (13) for system (11) exists if there exists a positive definite matrix X, matrices M i , S and positive scalarsδ satisfying the following conditions for all i = 1, · · · , M:
Then, the fractional order UI observer (13) is completely defined by (30)- (34) .
Proof of Theorem 2. To prove Theorem 2, the real bounded Lemma 1 [56] is used. The dynamics of the fractional state estimation error are given by:
Consider the following Lyapunov quadratic function:
Its derivative with regard to time is specified by:
By substituting (23) , the dynamic of the quadratic Lyapunov function is obtained:
In order to mitigate the impact of ω(t) on the state estimation error, the L 2 [52] will be used. It can guarantee:
The system of the state estimation error is stable and the gain L 2 noted δ of the transfer from ω(t) tox(t) is bounded, if:
By substituting t 0 D α t V (x(t)), the inequality (56) becomes:
The estimation error converges to zero and the gain L 2 of the transfer from ω(t) tox(t) is bounded by δ if the following inequality is verified:
The convex sum property of the activation functions makes it possible to write the following sufficient condition:
Using the expression (19) of N i and the changes of variables M i = XK i andδ = δ 2 (48) becomes:
To satisfy condition (18) , the equality can be solved:
Using the change of variable S = XH, the linear matrix equality is obtained:
The conditions (21) must be satisfied simultaneously, and by using the change of variable (42) gives:
Since P = I + HC, replacing P in (60), the matrix inequality of Theorem 2 is obtained. The conditions (47)-(49) of Theorem 2 are thus demonstrated.
Unknown Inputs Estimation
In system (11) , the unknown inputū(t) appears with the influence matrix:
For the estimation of the unknown input, it is necessary that the rank of the matrix Φ(t) is verified at each time t for the following condition:
where q is the dimension ofū(t). If this condition is satisfied, Φ(t) is full-rank column and its pseudo-inverse left Φ −1 (t) exists:
The unknown input can then be calculated according to the state estimated as follows:
under condition (65) the asymptotic convergence fromx(t) to x(t) results in the asymptotic convergence ofû(t) toū(t).
Example and Comparisons
To validate the advantages of the proposed fractional order unknown input observer, the system (68) represented by the FOTS model with UPV is considered with α = 0.8. The state estimation is carried out by means of two fuzzy unknown input observers, the first with integer order and the second one with fractional order. The unknown inputs considered may be noise, faults or modeling uncertainties.
Example and Simulation Results
Consider the FOTS model (8) , which is defined as follows :
where:
The activation functions are chosen in the form:
(69)
Two cases are considered for simulation, the first one in the absence of unknown inputs (unknown inputs are null), and the second one in the presence of unknown inputs. The unknown input considered is accompanied by an additive noise. To have a treatment close to reality, the initial values of the system are chosen non-null, but the initial values of the two unknown input observers are chosen equal to zero.
The outputs and the states of the FOTS system with their estimations given by the fuzzy integer and fractional order unknown input observers, and the unknown inputs and their estimates will be compared and analyzed.
Case 1: Absence of unknown input.
At first, the case of the absence of unknown inputs (unknown inputs are null) will be evaluated. Figure 1 shows the two outputs of the considered FOTS system (ys 1 , ys 2 ), the outputs estimated by the FOUIO (yo 1 , yo 2 ) and the fractional order unknown input observer (FOUIO) (y f o 1 , y f o 2 ) in the absence of unknown inputs. Figure 2 shows the outputs estimation error (a and b) in the absence of unknown inputs (ys 1 − yo 1 , ys 2 − yo 2 ) and (ys 1 − y f o 1 , ys 2 − y f o 2 ). The two Figures 1 and 2 show that the FOUIO gives better output estimation for the considered system. The decreased quality of the output estimation at the moment t = 0 is because of the choice of the initial values. Now, the case of the presence of unknown inputs will be evaluated.
Case 2: Presence of unknown input and measurement noise simultaneously. Figure 5 shows the outputs of the FOTS system (ys 1 , ys 2 ), and their estimations given by the FUIO (yo 1 , yo 2 ) and the fuzzy FOUIO (y f o 1 , y f o 2 ) in the presence of unknown inputs. Figure 6 shows the outputs estimation error (a and b) in the presence of unknown inputs (ys 1 − yo 1 , ys 2 − yo 2 ) and (ys 1 − y f o 1 , ys 2 − y f o 2 ). The two Figures 5 and 6 show that the FOUIO gives a better output estimation for the FOTS system. The decreased quality of the outputs estimation at the moment t = 0 is because of the choice of the initial values. The two Figures 9 and 10 show that the FOUIO gives a better unknown input estimation of the FOTS system, but it cannot be decoupled from the noise. The decreased quality of the unknown input estimation at the moment t = 0 is because of the choice of the initial values.
In the presence of adding random measurement noises bounded by 0.01, the unknown input estimated based on the proposed observer is noisy. Indeed, the presence of measurement noise, at high frequency, decreases the quality of reconstruction of the unknown input.
Conclusions
In this paper, a new approach is proposed for designing a fractional order Takagi-Sugeno unknown input observer for a nonlinear system described by FOTS models with UPV. The first step is to rewrite the FOTS system in the form of a disturbed equivalent FOTS and with measurable premise variables. After that, two cases are considered; the first one uses the hypothesis that the perturbation, which appears after rewriting the FOTS model, verifies a Lipschitz condition, while the second one does not use this hypothesis. In this second case, another method is developed and based on an L 2 approach. The convergence conditions of the proposed observers are given in the form of linear matrix inequalities (LMI) that can be easily solved with conventional digital tools.
The obtained results show that a good convergence of the outputs and the state estimation errors is observed using the new proposed FOUIO. The state of the system can be estimated even in the presence of an unknown input varying rapidly since it is totally decoupled from the state. An improvement in the dynamics of the proposed observer is possible by placing the poles.
In future work, it would be interesting to study the decoupling of the noise and the estimation of the unknown inputs using the augmented systems.
